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Abstract 

Given g and / = gg' , we consider solutions to the following non linear wave equation : 

r 1 fin) 

I Utt - Urr Ur = 5-, 

y (u,U()|t=0 = {uq,Ui). 

Under suitable assumptions on g, this equation admits non-constant stationary solutions : 
we denote Q one with least energy. We caracterize completely the behavior as time goes to 
±00 of solutions {u, ut) corresponding to data with energy less than or equal to the energy 
of Q : either it is (Q, 0) up to scaHng, or it scatters in the energy space. 

Our results include the cases of the 2 dimensional corotational wave map system, with 
target S^, in the critical energy space, as well as the 4 dimensional, radially symmetric 
Yang-Mills fields on Minkowski space, in the critical energy space. 

1 Introduction 

In this paper we study the asymptotic behavior of solutions to a class of non-linear wave 
equations in IR x R, with data in the natural energy space. The equations covered by our 
results include the 2 dimensional corotational wave map system, with target S^, in the critical 
energy space, as well as the 4 dimensional, radially symmetric Yang-Mills fields on Minkowski 
space, in the critical energy space. 

The equations under consideration admit non-constant solutions that are independent of 
time, of minimal energy, the so-called harmonic maps Q (see [3] and the discussion below). It 
is known, from the work of Struwe [l3], that if the data has energy smaller than or equal to the 
energy of Q, then the corresponding solution exists globally in time (see Proposition [T] below). 
(A recent result [8j shows that large energy data may lead to a finite time blow up solution for 
the 2 dimensional corotational wave map system, with target - see also [9]). In this paper, 
we show that, for this class of solutions, an alternative holds : either the data is (Q,0) (or 
(—(5,0) if —Q is also a harmonic map), modulo the natural symmetries of the problem, and 
the solution is independent of time, or a (suitable) space-time norm is finite, which results in 
the scattering at times ±oo. Thus the asymptotic behavior as t ^ ±00 for solutions of energy 
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smaller than or equal to that of Q, is completely described. Because of the existence of Q, the 
result is clearly sharp. 

The result is inspired by the recent works [6l [5] of the last two authors, who developed a 
method to attack such problems, reducing them, by a concentration-compactness approach, to 
a rigidity theorem. An important element in the proof of the rigidity theorem in [6l [5] is the 
use of a virial identity. This is also the case in this work, where the virial identity we use in the 
proof of Lemma [8] is very close to the one used in Lemma 5.4 of [5]. Lemma [8] in turn follows 
from Lemma [7l which has its origin in the work of the first author ^ . The concentration- 
compactness approach we use here is the same as the one in [5], with an important proviso. 
The results in [5] are established for dimension = 3, 4, 5, while here, in order to include 
the case of radial Yang-Mills in R^, we need to deal with a case similar to = 6 ; it also 
establishes the result in [5] for A" = 6. This is carried out in Theorem [2] below. 

It is conjectured that similar results will hold without the restriction to data with symmetry 
(for wave maps or Yang-Mills fields). These are extremely challenging problems for future 
research. 

We now turn to a more detailed description of our results. Let 5 : R ^ R be such 
that g{0) = 0, ^'(O) = k £ N*, denote / = gg' , and A" be the surface of revolution with polar 
coordinates (p, 9) G [0, 00) x S^, and metric ds"^ = dp^ + g'^{p)d6'^ (hence A^ is fully determined 
by g). 

We consider an equivariant wave map in dimension 2 with target A^, or a radial solution 
to the critical Yang-Mills equations in dimension 4, that is, a solution to the following problem 
(see [To] for the derivation of the equation). 

1 _ f{u) 
{u,Ut)\t=0 = iuo,ui). 
At least formally, the energy is conserved by such wave maps : 

E{u,ut) = J +ul + ^ ^ rdr = E{uq,ui). 

Shatah and Tahvildar-Zadeh jH] proved that ([T]) is locally well posed in the energy space 

H X = {{uq,ui)\E{uo,ui) < 00.}. 

For such wave maps, energy is preserved. 

>Prom Struwe [13] we have the following dichotomy regarding long time existence of solu- 
tions to ([T|), depending on the geometry of the target manifold A^, and thus on g : 

• g{p) > for all p > (and g{p)dp = 00, to prevent a sphere at infinity), then any 
finite energy wave map is global in time. 

• Otherwise there exists a non-constant harmonic map Q, and one may have blow up (cf. 

mm). 



Our goal in this paper is to study the latter case, and to describe the dynamics of equivariant 
wave maps and of radial solutions to the critical Yang-Mills equations in dimension 4, with 
energy smaller or equal to E{Q). 
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1.1 Statement of the result 
Notations and Assumptions : 

Denote hy v = W{t){uo,ui) the solution to 




W{t) is the hnear operator associated with the wave equation with a quadratic potential. 

For a single function n, we use E{u) for E{u,0), with a slight abuse of notation, and we 
also use 

Kin) = [ {fr + ^) rdr. 

To avoid degeneracy (existence of infinitely small spheres), we assume that the set of points 
where g vanishes is discrete. Denote G{p) = \g\. G is an increasing function. We make the 
following assumptions on g (that is on A^, the wave map target) : 

(Al) g vanishes at some point other than 0, and we denote C* > the smallest positive real 
satisfying g{C*) = 0. 

(A2) 5'(0) = A: G {1, 2} and if = 1, we also have ^"(0) = 0. 

(A3) g'{-p) > g'{p) for p G [0,C*] and g'{p) > for all p G [0,1?*], where we denote by D* 
the point in [0, C*] such that G{D*) = G{G*)/2. 

The first assumption is a necessary and sufficient condition on g for the existence of station- 
ary solutions to ([T]), that is, non-constant harmonic maps. Hence denote Q £ Ti. the solution 
to rQr = g{Q), with Q{0) = 0, Q{oo) = C* and Q(l) = C* /2, so that ((5,0) is a stationary 
wave map (see [3] for more details). Note that 

E{Q) = 2G{C*). 

The second assumption is a technical one : the restriction on the range of k should be remov- 
able using harmonic analysis. Recall that k G N*, and for equivariant wave maps, one usually 
assumes g odd. To remain at a lower level of technicality, we stick to the two assumptions in 
(A2) which encompass the cases of greater interest (see below). 

The first part of third assumption is a way to ensure that Q is a non-constant harmonic 
map (with (5(0) = 0) with least energy. The second part arises crucially in the proof of some 
positivity estimates. This assumption could be somehow relaxed, but as such encompasses the 
two cases below, avoiding technicalities which are beside the point. We conjecture that this 
assumption is removable. 

These assumptions encompass 

• corotational equivariant wave maps to the sphere in energy critical dimension n = 2 
{g{u) = sinn, f{u) = sin(2n)/2). A; = 1 - we refer to [10] for more details). 

• the critical (4-dimensional) radial Yang-Mills equation (/(n) = 2u{l—v?), g{u) = {1—v?), 
notice that to enter our setting we should consider g{u) = g{u — 1) = u{2 — n), k = 2 - 
we refer to p] for more details). 
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Recall that if u G then u has finite limits at r ^ and r — > oo, which are zeroes of g : 
we denote them by u(0) and u{oo) (see [HI Lemma 1]). We can now introduce 

V{6) = {(no, ui)enx L^\E{uo,ui) < E{Q) + 6, no(0) = no(oo) = 0}. (3) 

Denote H = |ti|||n|||^ = / ^n^ + rdr < oo|. As we shall see below (Lemma [2|), for 6 < 
E{Q), V{6) is naturally endowed with the Hilbert norm 

\\{uo,ui)\\h,^l^ = \\uo\\h + \Wi\\12 = J (^uj + uol + rdr. (4) 

Finally, for I an interval of time, introduce the Strichartz space S{I)=L^^j {dt)Lk{r-^dr) 
and 

\W\\S{I) = \MLll^^/\dt)Ll+''/\r-'^dry 

Notice that S{I) is simply the Strichartz space L^'^^^ adapted to the energy critical wave 
equation in dimension 2k + 2 (see [5j), under the conjugation by the map u i— > u/r^ . This space 
appears naturally, see Section 3 for further details. 

Theorem 1. Assume k = 1 or k = 2, and g satisfies (Al), (A2) and (A3). There exists 5 = 
5{g) > such that the following holds. Let {uq,ui) G V(5) and denote by u{t) the corresponding 
wave map. Then u{t) is global in time, and scatters, in the sense that \\u\\s(]ii) < oo. As a 
consequence, there exist {w^,uf) £ H x .such that 

\\uit)-W{t){u^,uf)\\HxL^ ^0 as t^±oo. 

As a direct consequence, we have the following 

Corollary 1. Let {uo,ui) be such that E{uo,ui) < E{Q,0), and denote by u{t) the corre- 
wave map. Then u{t) is global and we have the following dichotomy : 

If uq = Q (or uq = —Q if —Q is a harmonic map) up to scaling, then u{t) is a constant 
harmonic map (ut{t) = 0). 

Otherwise u{t) scatters, in the sense that there exist {u^,uf) £ H x L^ such that 
\\u{t)—W{t){u^,uf)\\jjy.i2^0 as t ^ ±oo. 



Remark 1. The fact that u{t) is global in time is a direct corollary of [13^ (in fact one has 
global well posedness in V{E{Q)) as recalled in PropositionU^. The new point in our result is 
linear scattering. 

Remark 2. We conjecture that 5 = E{Q). The only point missing for this is to improve Lemma 
mto5 = E{Q). 

Remark 3. This result corresponds to what is expected in a "focusing" setting. Similarly, there 
is a defocusing setting, in the case g{p) > for /) > 0. Arguing in the same way as in Theorem 
m we can prove that if g satifies (A2), (A3) and g'{p) > for all p G R, then any wave map is 
global and scatters in the sense of TheoremUl Again, we conjecture that the correct assumptions 
for this result are g{p) > for p > and G{p) — > ±oo as p ^ ±oo (to prevent a sphere at 
infinity). 
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2 Variational results and global well posedness in V{E{Q)) 

First recall the pointwise bound derived from the energy 

Vr,r' e R+, |G(n(r)) - G(n(r'))| < ^<(n), (5) 

with equality at points r,r' if an only if there exist A > and e G { — 1; 1} such that 

VpG[r,r'], u{p)=eQ{Xp). 

(See [31 Proposition 1].) 

Lemma 1 (V((5) is stable through the wave map flow). IfuEfijUis continuous and has limits 
at and oo which are points where g vanishes : we denote them u(Q) and u{oo). Furthermore 
if u{t) is a finite energy wave map defined on some interval I containing 0, then for all t £ I , 

\/t£l, n(t, 0) = ti(0, 0) and n(t, oo) = n(0, oo). 

In particular, for all 5 > 0, V{5) is preserved under the wave map flow. 

Proof. The properties of u are well known : see [TU] or [3]. Let us prove that the u(t,0) is 
constant in time by a continuity argument. 

For all y such that g{y) = 0, denote ly = {t £ I\u(t, 0) = y}. Let t £ I. 

As g vanishes on a discrete set, denote e > such that if g{p) = 0, \G{p) — G{u{t, 0))| > 2e. 
Since u is defined in /, it does not concentrate energy in a neighbourhood of (t, 0) : there exists 
6o,6i > such that 

W£[t-6o,t + 6o], 4n^W)<e- 
>From this and the pointwise bound, we deduce 

VrG [t-5o,t + 6o],yr e [0,6i], \G{u{t),0) - G{u{T,r)\ <e/2. 

Now compute for t' £ [t — 5o,t + 5q] : 



Si r^i 



G(u){t,p)dp- / G{u){t',p)dp 



Si rt' 



< / / a{u{T, p)\ut{T, p)\dTdp 
Jo Jt 

1 /■*' 1 

<-J^ E{u)dr<-E{u)\t-t'\. 



Suppose t' is such that u(t,0) / u(t',0), and then |G(ti)(t,0) - G(n)(t',0)| > 2e. Then 
G{u){t,p)dp- r G{u){t',p)dp 



> r {{G{u){t, p) - G{u){t, 0)) + {G{u){t, 0) - G{u){t', 0)) + G{u){t' , 0) - G{u){t' , p)))dp 

> 5i{2e - e/2- e/2) > 6ie. 
We just proved that 

^E{u)\t' -t\>e6i. 

This means that Iu{t,o) is open in I. In the same way, / \ Iu{t,o) = \Jy y^u{t o) h also open in 
/, so that Iu{t,o) is closed in /. As / is connected, / = Iu(tfi)- 

Similarly, one can prove that oo) is constant in time. The rest of the Lemma follows 
from conservation of energy. □ 
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Lemma 2. There exists an increasing function K : \}d,2E{Q)) — > [0,C*), and a decreasing 
function 5 : [0, 2E{Q)) — > (0, 1] such that the following holds. For all u £ Ti. such that E{u) < 
2E{Q), and u(0) = u{oo) = 0, one has the pointwise bound 

Vr, |u(r)| < K{E{u)) < C* . 

Moreover, one has 

5{E{u))\\u\\h < E{u) < UWlAuWh- 
Proof. >Prom the pointwise bound ([5|), we have 

\G{u){r)\ = \G{u){r) - G(n)(0)| < ^i?5(n), \G{u){r)\ < \Er{u). 

So that 2\G{u){r)\ < E{u) < 2E{Q). As G is an increasing function on [-E{Q), E{Q)], and 
\G{-p)\ > G{p) for p G [0,^*], we obtain 

\u{r)\ < G~\E{u)/2) < G-\E{Q)) = G* . 

Then K{p) = G-^{p/2) fits. 

We now turn to the second hne. For the upper bound, notice that g{Q) = so that g^{p) < 
||(7'||ioop2, and Wq'Wl^ > \g'{Q)\ > 1. 

For the lower bound, notice that as \u\ < K{E{u)) < C*, then g^{u) > 5{E{u))v?' for some 
positive continuous function 5 : (— C*,C*) (0,1] {g{p)/p is a continuous positive function 
on (-C*,C*), 5{p) = min(l,inf{5(r)/r | \r\ < p})). □ 

Proposition 1 (Struwe [13J). Let {uq,ui) G V{E{Q)). Then the corresponding wave map is 
global in time, and satisfies the bound 

Mt,r \u{t,r)\ < K{E{uo,ui)). 

Proof. Indeed suppose that u blows-up, say at time T. By Struwe [13], there exists a non- 
constant harmonic map Q, and two sequences tn 1 T and X{tn) such that X{tn)\T — t„| — >■ oo 
and 

t r 



Un{t,r) =^yn + Q{r) Hxoc{] - l,l[tx]R,^). 

>From Lemma [TJ one deduces Q(0) = 0, and hence (with assumption (A3)) |(5(oo)| > C*. 

However, as {u,ut) G V{E{Q)), from LemmaO \u{t,r)\ < K{E{u)) < G* (uniformly in t). 
Now {r > 0||Q(r)| > {K{E{u)) + G*)/2} is an interval of the form [Ae(u)i'^) {Q is monotone) 
so that 

f f \un{t,r)-Q{r)\\drdt>iG*-K{E{u))f/4^0. 

This is in contradiction with the H[oc convergence : hence u is global. □ 

3 Local Cauchy problem revisited 

Denote A = drr + ^^^dr = ^2^+1 dr{r'^^^^dr) the radial Laplacian in dimension E,^'^+^ and 
U {i) the linear wave operator in R^'^"*"^ : 



U{t){vQ,vi) = cos(t\/^)-i;o + v^^sin(t\/^)ui. 
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Notice that 

W{t){uo,ui) = r^U{t){u^/r\ui/r^), (6) 

as V solves vu — Af = if and only if r^v solves 
Given an interval / of R, denote 

\Mn{I) = \\v{t,x)\\M{t<^I) 

= + II^II 2fc+3 + ||u|| 2(2fc+3) , ,„ 2{2M-3) + ||v||r,_^l,oo f 2 ) (7) 

where the space variable x belongs to ]R^^+^. This norm appears in the Strichartz estimate 
(Lemma E]). 

Theorem 2. Assume k = 1 or 2. Problem (Qp is locally well-posed in the space H in the 
sense that there exist two functions 5o,C : [0,oo) (0,oo) such that the following holds. Let 
{uq,ui) £ H X be such that ||mO) ||hxL2 ^ ond let I be an open interval containing 
such that 

\\W{t){uo,m)\\sii)=v<So{A). 

Then there exist a unique solution u G C{I,H) n S{I) to Problem |7p and < C{A)ri, 

(and we also have ||'u/r'^'||jv(/) < C{A) and E{u, Ut) = E{uq,ui) ). 

As a consequence, if u is such a solution defined on I = R"'", satisfying ||^i||s'(R+) < oo, 
there exist {uQ,uf) £ H x such that 

\\u{t) — W{t){uQ ,ul)\\Hy_i2 ^ Q as t^+oo. 
3.1 Preliminary lemmas 

Let us first recall some useful lemmas. We consider = (— A)^/^ the fractional derivative 
operator and the homogeneous Sobolev space 

For integer s, it is well known that || • \\y^rs,p is equivalent to the Sobolev semi-norm : 

Lemma 3 (Hardy-Sobolev embedding). Let n > 3, and p,q,cx, (3 > 6e such that I < q < p < 
oo, and < (/? — a)q < n. There exist C = C{n,p, q, a, (3) such that for all radial in R", 

II 2.-2-/3+a II , ^11 II 

Proof. Given n,p,q and /?, we show the estimate for a in the suitable range. 

The case a = is the standard Hardy inequality in combined with the Sobolev embed- 
ding (see [Hj and the references therein - where the conditions n>3,l<(7<p<oo and 
< P < n are required). If a is an integer, we use the Sobolev semi-norm : as 



d?{r^v) = ^Ckr^-''d?-^v, 



k=0 



the inequality follows from the case a = 0. 

In the general case, let a = A; -f for A; G N and 6 g]0, 1[, and 7 = ^ — ^ — P + 0: . We define 
£ so that (3 = 1 + 6, hence |-^-£-|-A; = 7. We consider the operator T : Lp ^ D^{r'^D~^ip) : 
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T maps L'^ to and W^''^ to W^'^ (integer case). By complex interpolation (see [l2]), T maps 
[L'i,W^^'i]e = W^^i to = VF^'P. This means that 

which is what we needed to prove. □ 
Lemma 4. If v = u/r^ , then 

\ I vy^+Hv < I (^ul + ^) rdr < + 1) j vy+'dr. 

Proof. First notice that Vr = —ku/r^^^ + Urjr^ , hence w.^ < [I? + l)(n^/r^'^+^ + u^/r'^'') and 

j vy^+Hr < {e + 1) I (^ul + ^) rdr. 

Then from the Hardy-Sobolev inequality in dimension 2k + 2 > 3 (optimal constant is l/k'^), 



^ rdr = [ ^r'^^^^dr < ^ I vy^^^dr. 



^2 / 

As Ur = r^Vr + ku/r, < 2r^^u^ + 2/c^M^/r^ and 



/( 



, r 1 



uf. + j rdr < + ^ j y vy^^^rdr. □ 

Lemma 5 (Derivation rules). Le^ l<p<cxD,0<a<l. Then 
WD'^i^mLv <C||<^||lpi||L»>|Up2 + P"(^|Up3||V'||lp4, 

P°(/i((^))||LP < C\\h'{^)\\Lv,\\D''^\W2. 

\\D^{h{ip) - hmUv < C(||/i'(v9)|Upi + ||/i'(V)||lpi)P"(9' - V')I|lp2 

+ C{\\h"{ip)\\Lri + /l"(V')||Ln)(||D>||L^2 + ||Z)>|U.2)||(^ - ^||l^3, 
w/iere i = ^ + J^ = ^ + ^ = ^ + ^ + ^, andK P2,P3, n, rs, rg < oo. 

Proof. See ^ Theorem A. 6 and A. 8] with functions which do not depend on times, [TJ Theorem 
A. 7 and A. 12] and O Lemma 2.5]. □ 

>Prom now on, we work in dimension 2k + 2 (radial), and the underlying measure is 
unless otherwise stated. In particular, notice that from Lemma EJ we have : 

2(2fc+3) < 2(2fc+3) ||V'||l°° + W^W 4(2fc2+5fc+3) LMk+1)- {O) 

L 2fe+5 L 2fc+5 ^ 4fc2 + 12*+7 

Recall 

= cos(t^^)t;o + — ^ I— ' vx^ \ — -x{s)ds 

solves the problem 

■wtt - Aw = X, 
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Lemma 6 (Strichartz estimate). Let I he an interval. There exist a constant C (not depending 
on I) such that (in dimension 2k + 2), 



cos 



(t\/^)t;o||Ar(]R) < C||i;o||^i, 

,,sin(ty^) ,, ,, ,, 

sm{{t — s)\/—A) II ni/2 

^= X{S)ds\\Nm < \\D^' X\\ 2(2fc+3) 2(2fc+3) 

y— A r 2fe+5 r 2fe+5 



Proof. This result is well-known : see and the references therein. □ 
3.2 Proofs of Theorem [2] in the case k = 1 and k = 2 

Proof of TheoremlE Denote v = u/r'^. Then Vr = Ur/r^ - ku/r^^^, Vrr = ^ - pri + + 
l):FrT2, so that 

{v,vt)\t=o = {vo,vi) = {uQ/r^,ui/r^). 

This is something like the energy critical wave equation in dimension 2k + 2. 
Denote 

f{p) - k^P 



Hp) 



pl+2/k 



Assume that h, h' and h" are bounded on compact sets : this is automatic if g is and satifies 
(A2). Indeed if A; = 2, 1 + 2/A; = 2 and it is a direct application of Taylor's expansion, and if 
/c = 1, 1 + 2/k = 3, and it suffices to notice additionally that /"(O) = 3kg"{0) = 0). 
Our assumptions on {uq,ui) translate to : 

ll'"o|li>i + \\vi\\l2 < CA, \\U{t){vo,vi)\\ 2+3/k.2+3/k < Crj. 
Consider the map $ : 

y— A Jo y— A 

that is solves the (linear in ^{v)) equation 

<^{v)u - Hv)rr - {2k + 1)^ = -h{r'^vy+'/'', ^^^^ 

iv,vt)\t=o = ivo,vi) = {uo/r'',ui/r''). 
We will find a fixed point for $, related to smallness in the norm : 

1 1 1 /2 1 1 

||'v|L2+3/fc and \\D ' i'|L2(2fe+3)/{2fc+i) . 



The Strichartz estimate shows that we are to control WDx^"^ {v^^'^^'^h{r^^'^^^v))\\ 2(2fc+_3) ■ For 
convenience in the following, denote : 

_ 4(/c + 2)(2fc^ + 5fc + 3) 

^~ Ak(WTT2kTT) ■ 
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Now, we use ^ together with Lemma [3] and Lemma [5]: 

\\D^/\v^+^/''h{r''v))\\ 2(2.+3) 

L 2fc+5 

i 2fc+5 4fc:<i+i2fe+7 



< 



L 2fc+l 



^ 2fc + l 

>From interpolation of Lebesgue spaces and Holder inequality, 



I ||l+2/A; 



2(2fc+3) — 
r 2fc+5 



I ^11 4(k+2){2k2 +5k+3) 
fc(4fc2 + i2fe+7) 



1+2/A; 



{l+2/fe)(2(2fc+3)/{2*+5) 



^ lplL2+3/fc IpII 4(2fc+3)(fc+l) 
i^t,r ^2(2fe+3)/(2fc+l)^ 4fc2^_4fc_i 

< lbf/2+3/Jl^y^f^ll 2(2fc+3) and 



(11) 



l^^f/2+3/JI^^^^^^II 2(2fc+3) 



2(2fc+3) 
2fc+5 



< 



I 11^/'' 

l^ll j^2+a/fc 



fc+3/2 



||Z)^/^t;|| 2(2fc+3) 
- 2fc + l 



< lbf/2+3/Jl^y^f^ll 2(2fc+3) 
■^t.r 2fc + l 



(12) 



Using again Lemma[3]to show ||r'^t>||i;,oo < C||fr||L2, we hence get our main estimate, for some 
increasing function a; (w is a function of h, h' and essentially the constant in the Strichartz 
estimate, and does not depend on I or u) : 

\\Dl/\v^+^/''hir''v))\\ 2(2^ <a;(|b,||M)IIHlf2+3/JI^'/'HI m^- (13) 

T. 2fe+5 L ^ 2fe+l 



t6/ . • 
ts/, 

We now turn to difference estimates. Using the same inequalities, we get : 

\\D'/\v'+^/''h{r>'v)-w'+^/''h{r'wm 2(2.+3) 

^ 2fc+5 

< 



^ 2fc+5 

/ rl 



+ c 



<||^l/2(^l+2A_^l+2A)|| ^^||/,(, 

L 2fc+5 



2(2fc+3) 
L 2/C+5 



+ - w^'+'/'ll 4(2.2h-5.+3) P^/'/i(r'=z;)||i4(.+i) 

j;, 4fc2_|.i2fe+7 
+ ||L)V2(^fc^l+2/fc(^_^))|| 

L 2fc+5 

+ ||r^y;l+2/fc(^_y^)|| .^^^^^^ 

j;^ 4fc2 + i2fc+7 





1 

D^'^{h'{er^{v -w)+ r^w))de 



< ||Z)i/2(^;i+2A-u;i+2A)|| 2(2fc+3) 

L 2fc+5 

+ \\v - w\\lp{\\v\\][p + |k|lLp''')||/l'(r'''v)||L«>||Ur||L2 
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+ 



X sup \\h'{r''v + er''{w-v))\\Loc + \\r''w\\L^\\w^/''{v-w)\\ 4(2^2+5^+3) 
ee^o,!] L 4fc2+i2fe+7 



X sup 

6»e[o,: 



p (||/i"(0r'=(7; -w)+ r'^w)\\Lo^ \\D^/\r'^{0v + (1 - 0)t«))||^4(.+i)) . 
1,1] ^ ^ 

Then we have as previously : 

\\D'/'{w^/Hv-wm 

< C||Z)l/2(^; - ^,;)|| (2(2.+3) |k'/'||L.+3/2 + C\\V - w\\l2+3/4D'^\w^/'')\\ 2(2.+3) 
L 2k + l L 5 

C\\wfJ^+^lk\\D''/^{v-w)\\ (2(2fc+3) +\\wfJ^~y^\\D'^'^w\\ (2(2fc+3) Ik - w||r2+3/fc, 



\\U?/^{V - W)\\ 4(2fc2+5fc+3) < - ■I^IIlp- 

4fc2+i2fe+7 



Doing the computations in each case A; = 1 or A; = 2, we have that 

\\D^I\v^ - w^)\\^.,;. < \\D^'^v-w\\^..M\h + \W\\y) 

+ \\v - w\\L,{\\D^'^v\\Lim + \\D^'^M\L^m){\\v\\L'o + Ikks) and 
\\D'l\v^ - u;2)||^,4/s = \\D^'\[v - w)iv + «;))||^.4/9 

+ Cllz; - w\\^rM\\D'/'v\y.fs + \\D'/'w\y,;s). 

so that in both cases 

2(2fc+3) 
L 2fc+5 

< C'(lbllL2+3/fc + ||w||2,2+3/fc)^/'''""^ ( (||v||i2+3/fc + 11^2+3/0 II -C>^^^(^ " ^^)ll 2(2fc+3) 

V L 2fc+l 

+ (||L'-'-/^f II 2(2fc+3) + ||D'''^^t/;|| 2(2fc+3) ) ||f - w||r2+3/fc)- 
L 2k + l L 2fc+l / 

Here, the assumption A; < 2 is crucially needed. Finally observe that 

\ev + (1 - e)w\ < |t;| + |w|, \D^/'^{ev + (i - e)w) < \d^/^v\ + \d^/'^w\. 

We can now summarize these computations, and using ([TTl) and (fT2]) . we obtain the space time 
difference estimate (up to a change in the function a;, which now depends on h, h' and h" , but 
not on / or u) : 

\\Dy\v^+y''h{r''v)-w^+^/''hir^wm 2(2^+3) < (^dbllio. ^O+^dklL- m)) 

X (lkf/2+3/\ + lkf/2+3A) (||^^||r2+3/fc + llu'll 2+3/0l|-f^^^^('^ " ^^)ll 2(2fc+3) 

\ tel,r 

+ i\\D^^^v\\ 2(2fc+3) + ll-D'^^^tt'll 2(2fc+3) )||'^ - w|L2+3/fc • 
T 2k+l J 2k + l ^tel,r I 
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Given a,b,AE R"^, / a time interval, introduce 



B(a,b,A,I) = <v\\\v\\^2+3/k<a, \\D^/^v\\ 2(2^+3) < b, IblU/.^, ^-in < 2CA > . 

Hence for v E B{a, b, A, I), we have 

mv)\\^.+3/k < \\U{t){vo,vi)\\.2+3/, +u{2CA)a^/H 

tel,r tel,r 

\\D^'^^{v)\\ 2(2fc+3) < \\D^/^U{t){vo,vi)\\ 2(2fc+3) +uj{2CA)a^/H 
tei.r tei,r 

<\\{vo,vi)\\jj,^^2+u{2CA)a'''\ 



\c{tei 

\mv) - $H||7V(/) < 2u{2CA)a'^/''-'^b{\\D^/'^{v - w)\\ 2(2/0+3) + ||^; - w\\^2+3/k 
Case k = I 



J i/c+l " "^tei.r 



We compute 2 + 3/A; = 5 and ^^J^ = 10/3. 

Given A, set b = 2CA and So{A) = min(l, 1/C, g(jj^J^2CA) ')- Tlien for (wo)^'i) such that 
||('i^0)^i)|li^ixL2 — ^ 11^(0(^0) 'i^i)||i,5 ^ = rj < 5q{A), set a = 2ry. Notice that the 
Strichartz estimate gives 

tei.r 

Our relations now write (the main point is2/A; — 1 = 1>0) : 

II^WILf^,^ < ^ + uj{2CA){26oa){2CA) < a 
||r>^/2$(t;)|Lio/3 < CA + uj{2CA){2Soa){2CA) < 2CA 
\M'")\\citei,m) <A + u:{2CA){2Soa){2CA) < 2A, 
WHv) - ^HIIiV(/) < liWD'/^v - w)\\^,o/3^ + \\v - wWli^^J 

Hence $ : B{a,2CA,A,I) — > B{a,2CA,A,I) is a well defined 1/2-Lipschitz map, so that $ 
has a unique fixed point, which is our solution. 

Case k = 2 

We compute 2 + 3//c = 7/2, ^^J^ = 14/5 and = 14/9. 

In this case 2//c — 1 = 0, so that the procedure used in the case A; = 1 no longer applies (it 
is the same problem as for the energy critical wave equation in dimension 6). 

However, we still have a solution on an interval / where both quantities ||C/(f)('i;o,t'i)|L7/2 

and \\D^/'^U{t){vQ , fi)!! 14/5 are small. 

Indeed, given ^, set 5i{A) = min(l, ^, g^^^^^). For (t'o, such that \\{vo,vi)\\jji^^2 < A, 

\\U{t){vQ,vi)\\ 7/2 =r]< SiiA), and \\D^/'^U{t)ivo,vi)\\ 14/5 = rj' < SiiA), we set a = 2ri and 
tei,r tei,r 

b = 2r( . Then we have 



||^(t')|L7/2 < J +cj(2C^)a)(2(5o) < a 

\D^!'^^(v)\\.,4i^ < ^+io{2CA){2Si{A))b < b 
\M^)\\citei,H^) <A + u;{2CA)i26,{A)f < 2A, 
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\\^v)-^w)y^J)<h\\D'^\v-w)\\^^,;, +\\v-w\\^r/2 ) 

Hence $ : -B(a, 6, A, /) B{a, b, A, I) has a unique fixed point. We just proved the following 
Claim : Let A > 0. There exist 5i{A) > such that for (fo,fi) with ||(fO)^^i)|li/ixL2 < A, 
and I such that 

||C/(t)(r;o,r;i)L7/2 =v<Si{A), and ||I)i/2^(t)(^;o, ?;i)Li4/5 = r?' < 

Then there exist a unique solution v{t) to (l9|) satisfying 

ll(^>«t)llL-,(HixL2) < 2A ||z;||^7/2 <2r/, ||Z)i/2^|| 14/5 < 2r/'. 



Let us now do a small computation. 

Given /i, n G N and = to < < • • • < ^n. = (with T £ (0, 00]), we have for i = 0, . . . , n, 

^ xis)ds\\N{u,u+,) 

^ „ sin((t - s)V^) , , , „ „ /■* sin((i - s)V^) , , , „ 



j=0 



^ II /■* sin((t - s)\/-A) , , ,^ , , ,, 

<Z^II ^73^ (X(s)l.e[t„t,+i])ds|k(i„t.+i) 







' sin((t - s)\/- 


-A) 






sin((t — s)\/- 





i=o 

+ 11 / —ixis)lse[u,u+i])d4N{u,u+i) 
j=0 V ^ 

,, sm((t - s)^/^) , , _ , , ,, 

+ 11 ^ ^(x(s)l.g^A+i])ds||Ar(R) 

i i 

< Cj2\\D'J\isnselt,M\\L'^^^ <CY,\\D'JW\^i./9 ^14/9 (14) 

Let us now complete the case k = 2. Let ^ > 0, define n = n{A) such that n = n{A) = 
l/{ACAuj{2CA)), so that 2CAio{2CA)/n < 1/2 and <5o(^) = (5i(A)/2'^+2 (recall 6i{A) = 

Let {vo,vi) be such that ||uo,i'i||/j'ixL2 < ^ and for / = (To,Ti) an interval (possibly with 
infinite endpoints), \\U{t){vo,vi)\\ 7/2 =rj<6o{A). 

>Prom the Strichartz estimate, we also have 

||I)i/2^(t)(^;o,r;i)|Li4/5 <CA. 

>From {vq, vi), we have a solution v defined on a interval I = [0, T). We choose J = (Tq, T[) C 
/ to be maximal such that 

lbll^7/2 < 6i{A), 111)1/2^11^14/^5 < 2CA, ||t'||c(j,Hi) < 2CA 
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>From the claim, we can choose J non empty. Let Tq = < ti < . . .tn = T[he such that 

2CA 1 1 
Vi e [[0,n - 1]], 14,5 < < 



^t'Si,ti+i\,r ' n ' 2uj{2CA)' 
>From ^ and we obtain 

\\v\\n{J) < CA + Uj{2CA)\\v\\^y2^MNiJ), 

i 

\\vL7/2 < ||C/(t)(^;0,^'l)L7/2 +Uj{2CA)y^\\v\\.7/2 \\D^/\\\.14/, 

Let us denote ai = ||f || 7/2 for i G [[0,n — 1]. Then we have 

ll^^lliV(j) <(^^ + 7ll^^^^t^Li4/5 <3/2CA<2CA, (15) 

i i—1 

ai<r] + uj{2CA) ^ 2uj(2CA) equivalently < 2ry + ^ a^. 
By recurrence, we deduce that 

ai < 2'+^ri. 

In particular, 

n-l 

= ^ < 2-+i5o(^) < '^i(^). (16) 

Hence, from with (fTSjl and (fTGl) and a standard continuity argument, we deduce that J = I = I, 
\\v\\n(I) < '2CA and ||?;|| 7/2 < 2"+^r/ = c{A)r]. 

Going back to u, we obtain the first part of Theorem El in both cases k = 1 and k = 2 
(conservation of energy is clear from the construction) . 

Let us now prove the consequence mentioned in Theorem [2l Given u, we associate v{t, r) = 
u{t,r)/r^ : v is defined on R"'', and satisfies ([9|). 

If we denote ^4 = ||(m, ?it)||^oc.(j:^xL2), then there exist T large enough such that ||m||5([j'oo)) ^ 
5q{A). From the previous part, we have that 

IblUfT.oo) < ||i;|| 2+3/fc <5q{A). 

te[T,oo),r 

Denote v{t) = U{-t)v{t). Then 

u{t) - v{s) = U{-Ty+^/''{T)h{r^v){T)dT. 
Hence, for f > s > T, from the Strichartz estimate and (fT3l) . we have 

- '^(s)llifl + WMt) - < - l^(s)||iV(rG[s,t]) 



< ||t;i+2A(r)/i(rS)(T)|| 2(2^+1 



L 



2k+5 



Tels,t],r 

< w(2C^)||t>f /^3/^ (2CA)^0 as s,t^ +00. 



This means that {v'{t),iJtit)) is a Cauchy sequence in x L^, hence converges to some 

Going back to u, using Lemma [Hand remark we obtain the second part of Theorem 
El □ 
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4 Rigidity property 

Recall that g is such that ^(O) = 0, g'{0) = k G N*, with C* the smallest positive real such 
that giC*) = 0, / = g'g and G{p) = \g\{p')dp' ; D* G [0, C*] is such that G{D*) = G{C*)/2. 

Introduce the energy density e{u, v) = v"^ + + and p{u) = + Denote 
E{u,v) = / e{u,v)rdr, E^{u,v) = / e{u,v)rdr, 



and similarly for a single function u 

E{u) = j p{u)rdr, E^{u) = J p{u)rdr. 

We will also need the function d{p) = pf{p), which is linked to the virial identity, and 

F{n) = j[nl + ^) rdr. 

The following variational Lemma is at the heart of the rigidity theorem. Here is the only point 
where we use assumption (A3), which ensures that g'{p) > for p e \—D*^D*]. 

Lemma 7. There exist c > and 6 E {0,E{Q)) such that for all u such that (u, 0) G V{6), we 
have 

cE{u) < F{u) < -E{u). 

c 

Proof. Fix S < E{Q). g^{u) > uj{6)u^ for some function u; : [0,^(Q)) IR+, and \d{x)\ < 
ll^'lll^ooX^, so that 

/||2 



which is the upper bound. 

For the lower bound, we need assumption (A3) on g. Hence on [—D*,D*], d{x) > 0, and 
on [0, d{—x) > d{x). Denote A = y/d{x)dx > 0. One easily sees that for v : [a,b] — > 
[-D*,D*] such that v{a) = 0, \v{b)\ = D* then 



b 



2 , ^ > \ ~^dr>2 I \vr^/ d{v{r))\dT > 2 / y/d(x)dx = 2A. 

J a Jo 



In the same way, 

rb / „2 



/ (^r + rdr > 2G{D*) = G{C*). 



Let > to be determined later and u be such that (u, 0) G V(5). Recall that ||n||Loo < 
K{E{Q) +5)<C* (Lemma ED, and hence g{u) > oj{E{Q) + 6)\u\. 

Assume first ||^t||Loo > D* . Then let Ai, A2 such that u G [—D*,D*\ on both intervals 
[0, Ai] and [^2,00) and \u{Ai)\ = \u{A2)\ = D* . Then 

Doing the same with the energy density, one gets 

ul + rdr + p {ul + rdr > 4G(Z)*) = 2G{C*) = E{Q). 
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Hence E^%u) < 6. Now, we have 



so that 



\d{u)\ = \u\\g' {u)\\g{u)\ < \\g'\\L-°\u\g{u) < ^J(^gy^7yS'^(^)' 



d{u)\^^^^[^U.2 \W\\l^ 9'{u)\^,^^ \\9'\\l 



n,+ Jrdr>J^^ ^u^ u.{E{Q) + 5) j"" " u;{E{Q) + 



Finally, choosing 5 > small enough so that ^^e{q)+s) ^ — 

y V ' y " u;iE{Q) + 6) - - E{Q) ^ > 

This gives the lower bound with constant 

Assume now that ||tt||L°o < D* . Then d{u) > 0. As f{x) ~ /c^x as x ^ 0, let D > be 
such that I/I > k'^/2x on the interval [— L*,!)]. If ||ii||L°° < -D, then of course 

/" 2 , /■ aH^) r ( 

F[u) > / Uj.rdr -\ — „ — / — ^r—rdr > mm 1, „ — E[u). 

J ^a'Wio^ J r-^ V 2||5r'|||^^y 

Otherwise, arguing as before, ||ii||Loo G [D,D*] and we see that F{u) > 4 Vd so that (as 
E{u) < E{Q) + 6< 2E{Q)) 

Choosing (5 > small enough and c = min(2(/g° A/^(Q)/cV(2||5''||ioo), 1) ends the 

proof. □ 

Let (p be such that (p{r) = 1 if r < 1, (p{r) = if r > 2, and (p{r) G [0,1]. Denote 
lPr{x) = f{r/R). 

In the notation O, constants are absolute (do not depend on i? or t or u). 
Lemma 8. Let {u,ut) G V(5) he a solution to (OP- One has 

^ / utuyLpR{r)dr = - j ufrdr + 0{E'^{u,ut)), 



^ / uutripR{r)dr = j (uj - ul - ) r^R{r)dr + 0(E^{u,Ut)). 



Remark 4. For the O, we can consider the rest of the energy E"^ or equivalently the tail in 
H X L"^ 

r>00 / „,2^ 



T{R,u,ut) = J ^f + u^ + ^^rdr. 



Proof. One computes 

^ f UtUrr'^ipfi{r)dr 



dt 



UttUr-r ipR{r)dr+ / UfUrtr ipR{r)dr 
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r 



Urf fB.{^)dr / u^{2ripR{r) + r ip'j^{r))dr 



- / u^^{2ripR{r) +r'^ip'^{r))dr + / ul{ripR{r) - -{r'^ipR{r))'))dr + - / g'^{u)ip'R{r)dr 



u. — u„ + 



= - j ufr(pR{r)dr + ^ 
Now, notice that 

ufr{l - ifR{r))dr 



9\u) 



r^ip'j^{r)dr 



r ip'R{r)dr 



< J e{u,ut){l - (pRir))rdr + J e{u,Ut)r^\<p'R{r)\dr 
<E^{u,ut) + ^ I e{uy\^'ir/R)\dr 



<{l + 2y\\L^)E^{u,ut). 
>From this, we immediately deduce 
d 



dt 



j Utuy^R{r)dr = - j ujrdr + 0{E'^{u,ut)). 



In the same way. 



d 



^ j uutripR{r)dr = J ufripR{r)dr + J uuttripR{r)dr 

u^r^pR[r)dr + / u lurr + -Ur ^ 



r(pR{r)dr 



uf{u) 



ripR{r)dr + - / u^{ripR{r))" dr 



u^'f'R{r)dr. 



Then similarly 



- - ^•^g^M r(l - ipR{r))dr + \ l u^{ripR{r))"dr 



u (p'Rir)dr 



< 



Ut — u„ 



uf{u) 



1 f 

(1 - ipR{r))rdr + - / —\r'^ipR{r)+r(p'R{r)\rdr 



<C / eiu,ut)il-^Rir))rdr + C 



9\u) 



rdr 



<CE'g{u,ut) + CXiy"\\Loo+2^'\\Loo)E^iu,ut). 



(The bounds on the third line come respectively from the pointwise bounds |M/(n)| < Cg'^{u) 
and v? < Cg^{u), which holds according to the proof of Lemma[7] (as E{u) < E{Q)). □ 

Theorem 3 (Rigidity property). Let (uo,ui) G V((^), and denote by u{t) the associated solu- 
tion. Suppose that for all t > 0, there exist X{t) > > such that 



K = 
Then u = 



u t 



Ut t 



{t, r) G R_|_ > is precompact in H x 
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Proof. Recall that u is global due to Proposition [H 

As K is precompact and X{t) > Aq > 0, for all e > 0, there exists R{e) such that 

Vt>0, S^(,)(n,nt) <e. 

This means that 

lim sup £'^(u,ut) = 0. 

Due to Lemma [8] and [71 we have 

Utuy^R{r)dr+'^ j uut^R{r)dr^ = j {ul + ul + "^^^^ rdr + 0{E^{u,Ut)) 

Fix R large enough so that supj>o 0(£'^(u, n^)) < Then by integration between r = 

and T = t and conservation of energy : 



/ 



2_/„^J„ , 1 f E{u,ut] 



UtUrT ipR{r)dr + ^ uutr(pR{r)dr < — t + Cq- 



However, from finiteness of energy and < Cg'^{u), we have for all t, 

1 



utUj.r'^LpR{r)dr 2 J '^'^ti~'^B.{r)dr 

<\j{u'i + niy^R{r)dr +lj[ul + C 
C 

< RE{u,ut) + -RE{u,ut), 



so that this quantity is bounded, hence t < AC {2 + \/C)R. This is a contradiction with the 
fact that u is global in time. □ 

5 Proofs of Theorem [1] and Corollary [1] 

Proof of Theorem\^ >From Theorem El we only need to show that ||n||5(][^) < oo. 
We consider the critical energy (for 5 as in Lemma [7]) 

Sc = sup{^G [0,^(Q) + (5]| V(uo,ui) G V(5), E{uQ,ui) < E ^ \\u{t)\\s(^n) < oo}- 

(recall that for initial data (mQ) ^^i) £ ^[^)-, Proposition[T]already ensures that the corresponding 
wave map u{t) is global in time). 

Theorem [T] is the assertion Ec = E{Q) + 5. Assume this is not the case. 

Notice that Ec > Sq > 0, due to Theorem [2l 

>From the work of Bahouri and Gerard [T|, the compensated compactness procedure of 
Kenig and Merle in [5] provides us with a critical element (n"^, u^) (in the case Ec < E(Q) +6) : 

Proposition 2. There exists {uq,Ui) G HxL^, satisfying (ug,uf) G V{6), E{uq,Ui) = Ec and 
if we denote (u^^u^) the associated solution to Problem u^{t) is global and \\u^\\s{K) = oo. 

(Notice that Uc is global due to the energy bound and Proposition [1]). 
We can assume without loss of generality that ||m^||5(r+) = oo. Following Kenig and Merle 
[5], we also have (possibly changing u'^) 
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Proposition 3. There exist > and a continuous function A : [Aq,oo) such that 

the set 

K= \ v{t) £ H X L'^\v{t,r) = ( ( t, VTT ) ^TT^uUt, 



A(i) J ' A(t) * V ' Kt) 



has compact closure in H x 



>Prom Theorem[3j we deduce that {vP, n^) = (0, 0), which is a contradiction with E{u'^, n^) = 
> 0. Hence = E{Q) +6. □ 

Proof of CoroUaryUl Notice that if {uo,ui) is such that E{uq,ui) < E{Q) and (uq, ui) ^ V(5), 
then (as mo(0) = 0), uq{oo) > C*, and from the pointwise inequality uo{oo) = C* , 
uo{r) = eQ{\r) for some A > and e G {—1, 1}, and ui = 0. 

Hence in our case, (no,ni) G V((5), and the result follows from Theorem[Tl □ 
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